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Abst rac t - - In  this paper, we investigate a method of realization of the discrete velocity approxi- 
mation of the Boltzmann collision operator studied by Palczewski, Schneider and Bobylev. For this 
realization, we propose an acceleration procedure, which reduces the computational complexity of 
the method. The efficiency of the acceleration procedure is demonstrated through a set of numerical 
tests, which include space homogeneous relaxation problems and space nonhomogeneous problem of 
shock wave formation. (~) 2000 Elsevier Science Ltd. All rights reserved. 
Keywords - -Bo l tzmann equation, Numerical algorithms, Discrete velocity approximation. 
1. INTRODUCTION 
One of the most challenging problems in kinetic theory of rarefied gases, still far from having 
satisfactory solution, is the task of establishing an efficient and flexible numerical method that 
yields accurate approximate solutions of the Boltzmann equation 
Of Of --~ + v-~x = J(f, f). (1) 
In (1), f is the distribution function, that depends on time t > 0, position x E ~ C R 3, and 
on velocity v = [vx,vy, vz] E R 3. The collision operator J(f, f) gives the rate of change of the 
distribution function due to collisions among particles of the gas 
J(f, f)(t ,  x, v) -= 3fR3 Is  2 B(q, n ) ( f  (t,x, v') f (t,x, w') - S(t,x, v)f(t ,  x, w)) dndw, (2) 
where n E S 2, q = Iv - w I, and v t, w t denote the postcollision velocities given by the formulas 
v' 1 1 = + w) +  qn, w' 1 1 = -~(v ÷ w) - ~qn. 
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Figure 1. The interaction sphere for the precollision velocities v, w. 
Thus, the postcollision velocities lie on the sphere with center at (1/2)(v + w) and diameter q = 
Iv -w  I. We shall call it the interaction sphere for the precollision velocities v, w. The interaction 
sphere for the precollision velocities v, w, and the geometry of the postcollision velocities is shown 
in Figure 1. 
The kernel B(q, n) of the collision operator (2) is determined by the intermolecular potential. 
For the hard sphere model 
B(q, n) = d2q, 
where d is the diameter of the gas particles. For a thorough introduction to kinetic theory of 
rarefied gases, and to the Boltzmann equation in particular, we refer the reader to the texts by 
Cercignani [1] or Truesdell and Muncaster [2]. 
The essential problem in numerical methods for the Boltzmann equation is approximation of 
the collision operator J ( f ,  f). Initially, approximations of J ( f ,  f )  were based on Monte Carlo 
quadratures; ee [3,4], and the publications by Aristov and Tcheremissine [5] or Yen [6] for a full 
account on this topic. The Monte Carlo approximation of the collision operator was relatively 
efficient when used in numerical solvers for the Boltzmann equation. However, the numerical 
solutions of the space homogeneous Boltzmann equation obtained with the solvers using this ap- 
proximation did not retain the crucial property of solutions of the space homogeneous Boltzmann 
equation--the conservation of the first three moments of the solution, f~3 ¢p(V)f(v) dv, where 
Cp(V) = v p, p = 0, 1, 2. Therefore, such solvers were not consistent with the underlying physics 
and sometimes led to erroneous solutions. This problem was remedied by Tcheremissine [7,8] who 
proposed a simple correction procedure that followed the solver of the space homogeneous Boltz- 
mann equation after each time step. The procedure consisted in adding to a numerical solution a 
correction term (in the form of a second-order polynomial in v multiplied by the numerical solu- 
tion being corrected) determined by the requirement that the moments of the corrected solution 
were conserved. Recently, Tcheremissine proposed a new approach to evaluate conservatively the 
collision integral [9]. 
Another group of evaluation methods of the collision operator can be generally classified as 
the discrete velocity approximations [10-15]. These methods consist in turning, through a dis- 
cretization process, the collision operator into a bilinear expression which resembles the collision 
term in discrete velocity kinetic equations 
Ofi Ofi N 
Ot + vi-~x = ~-~ ~-~F~] (fkft - f i f J ) '  i = l , . . . ,N ,  
j= l  (k,z) 
where v l , . . . ,  VN is a discrete regular lattice in the velocity space, fi = f(v~) (dependence of f 
on t and x is suppressed), and with appropriately defined coefficients Fik~. These methods, in 
general, are intrinsically conservative on the level of the space homogeneous Boltzmann equation, 
thereby giving hope for constructing reliable and stable solvers. Moreover, some of these methods 
are supported by rigorous results; see the paper by Mischler [16] for the proof of convergence of
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the Buet's scheme and a finite volume scheme, the work by Schneider [13] for the proof of con- 
vergence of the discrete collision operator to the continuous Boltzmann operator, the works by 
Bobylev et al. [17,18] for the proof of consistency, and the paper by Palczewski and Schneider [19] 
for convergence of solutions of discrete velocity models to solutions of the Boltzmann equation. 
The drawback of such methods is their high computational complexity (at least O(N2), where 
N stands for the number of discrete velocities in the approximation) and high storage require- 
ments for the precomputed coefficients Fi~. 
In this paper, we investigate a particular method of realization of the discrete velocity approx- 
imation of the collision operator studied by Palczewski et al. in [18]. For this realization, we 
propose an acceleration procedure, which reduces the computational complexity of the method. 
The efficiency of the acceleration procedure is demonstrated through a set of numerical tests for 
the Boltzmann equation, which include two space homogeneous problems: a comparison with the 
exact BKW solution and a problem of two merging Maxwellians, and a space nonhomogeneous 
problem of the formation of a shock wave. 
2. D ISCRETE VELOCITY  APPROXIMATION 
Let v l , . . .  ,VN . . . .  be a discrete regular lattice in the velocity space R 3 defined as follows: 
= , n2 , n3 I for integers n 1 ,n 2 , and with Av denoting the step of the lattice, we 
can write equivalently that vi • AvZ 3. The collision operator (2) can be approximated in the 
following way: 
kl J ( f ,  f )  (v,) ,~ Z ~ F~j (fkfz - f~fy), (3) 
v jEAvZ 3 (k,l) 
where obviously f~ = f(v~). Let us explain briefly the construction of this formula. In (3), the 
first sum ~-~vj ""  replaces the integration over R 3 with respect o w in J ( f ,  f )  (a rectangular 
quadrature). The second sum )-~(k,~) " -  replaces the integration over S:  in J ( f ,  f) ,  and denotes 
the summation over all k and 1 such that Vk and vl constitute postcollision velocities for particles 
with precollision velocities vi and vj. For such approximation the coefficients Fi~ in (3) are 
defined as follows: 
F~kJ = 47r Av 3 B (  ) I vy -v i i , i v  k 
r i j  
where rij denotes the number of the postcollision pairs vk and vz on the velocity lattice for given vi 
and vj. Note that rij is the same for all velocity nodes i , j  with the same value of [vi - v j l /Av .  
For details of this approximation we refer the reader to the original paper by Palczewski et al. [17[. 
The main result of their paper is the proof of consistency of this approximation; amely, that for 
f • CP(]~3), where p > 10(1/2), for all vi, 
J ( f , f )  (vi) - vje~vz3 ~ (k,l) ~ Fi~t (fkf l  -- f i f j )  <-- c(e,P)l[fll2pRSAv (1/14)-~, 
where Ilfllp is Sobolev norm, R is the diameter of the (compact) support of f ,  and c(e,p) is a 
constant depending only on e and p. 
Because the computational cost of a method which uses this approximation is at least O(N 2) 
(see [14]), there is a need for modifications of the discrete velocity approximation, that lower 
the computational cost of the method. In particular, in [14] several such modifications of Monte 
Carlo type, based in particular on an idea of randomized sublattices, were proposed. 
3. CALCULAT ION OF  THE D ISCRETE COLL IS ION TERM 
AND ACCELERATION PROCEDURE 
Below, we describe a particular way of calculating the discrete collision term (3). The summa- 
tion ~v j  • • • in (3) will be performed in a manner somewhat reminiscent of the integration in R 3 
using the spherical coordinates. 
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Let vi be a fixed velocity from the discrete velocity lattice. Let us consider the even sublattice 
vi + 2AvZ 3 of AvZ 3, which consists of such vj for which the center c~j = (1/2)(v~ + vj) of 
the sphere spanned by vi and vj with diameter Ivj - vd, belongs to AvZ 3. The sum ~v j  . . .  
in (3) with respect o vj E AvZ 3 can be replaced by the sum over the even sublattice balanced 
by the multiplicative factor 8. Moreover, the sum with respect to vj c v~ + 2AvZ 3 can be 
replaced by the sum with respect o the relative velocity qj = vj - vi, the sum being over the 
even sublattice 2AvZ 3. Now, instead of summing over this even lattice in the standard way (i.e., 
according to the order in which the lattice was indexed), we shall go over qjs in the following 
equivalent way. For each m -- 0, 1, 2 , . . . ,  let V(m) denote the set of discrete velocities lying on 
the sphere of radius v/-mAv centered at 0. Then, the summation over the even lattice 2AvZ 3 is 
carried out as the double summation in which the first sum over m = 0, 1,2, . . .  corresponds to 
varying radii of the spheres V(4m), and the second one is, for given m, the sum over the discrete 
vectors qj from Y(4m). Since V(4m) -- 2Y(m) (cf. [18]), in doing this we can use V(m) instead 
of V(4m). Hence, we can write 
co  
v jEAvZ a q:: E2AvZ a m=l qj~2V(m) 
In (4), the term corresponding to m = 0 has been skipped, since its contribution to (4) is null. 
In actual computations, we consider a finite cubic discrete velocity lattice LN = {Vl , . . . ,  VN}. 
Then the first sum on the right-hand side of (4) is finite. Let integer rrtmax be such that 
2 ~ A v  is the diameter of the lattice LN. In summary the algorithm of calculating (3) 
is as follows. For every m = 1, . . . ,  mm~x, we determine the sphere of radius x /~Av and with the 
center at vi; it is obtained by shifting the center of the precalculated sphere V(m) to v~. Then, 
every velocity lattice point lying on this sphere is taken as the center cij of the interaction sphere, 
and the corresponding collision partner vj for the fixed vi is the antipodal point to vi on this 
interaction sphere (see Figure 2). By this construction, all the postcollision pairs of velocities vk 
and vl for the precollision velocities vi, vj lie on the same interaction sphere. Note that a given 
postcollision velocity Vk on the interaction sphere uniquely determines its postcollision partner vt 
from this sphere, hence, 
. . . .  E . . . .  
(k,/) v~Cc~j+V(m) 
Finally, taking into account he fact that the velocity lattice LN is finite, we can write 
mmax 
v jEAvZ 3 (k,/) m=l vjEv.i+2V(m) vkEci j+V(m) 
(5) 
Of course, performing this summation we exclude those collision partners for vi which go out of 
the bounds of the velocity lattice. Moreover, note that for every vi and for given m, we use the 
same sphere V(m) to generate the collision partners vj; we simply shift the center of V(m) to vi. 
Therefore, in a program code we can insert the loop over the velocities vi inside the loop with 
respect o m corresponding to the first summation in (5). Thus, the costly determination of the 
interaction sphere is reduced to one operation done once for all velocities vi. 
Acceleration procedure for the calculation of the collision term (3) consists of limiting the 
number of radii of the interaction spheres m taken in (5). Let us choose 0 < ms _< mmax and 
split the sum over m into two parts 
mm~,x ms mmax 
Z . . . .  5 :  . . . .  
rn=l  m=l  m=m,,+l 
~z 
vj 
/ 
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Figure 2. The construction of the postcollision velocities. 
> 
Vy 
Now, consider the second sum in (6). Choose mr such that 0 _< mr < mmax -- m~. Then, if 
mr > 0, we approximate this sum by a Monte Carlo formula 
mmax 
m~ms-P1 
mr- 
mmax -- ms ~ express ion  cor respond ing  to an ran, 
?Ttr n=l  
where mns are randomly sampled from {m~ + 1, . . . ,  rnmax}. The case mr = 0 means that the 
second sum in (6) is omitted completely. 
If the parameters rn8 and mr are chosen appropriately (see the tests in the next sections), this 
procedure accelerates calculations 10-20 times almost Without worsening accuracy. To maintain 
the accuracy of the calculations, 2v/-~Av has to be comparable with the diameter of the set in 
the velocity space, on which the distribution function is greater than a prescribed small threshold 
e > 0. For later reference, we call this set the significant support of the distribution function and 
define it as follows: 
sigsuppef = U {v E R3: f(m,v) >_ e}. 
weft 
The idea of considering only these velocities for which the value of the distribution function is 
greater than a small threshold was proposed by Tan and Varghese [20], however, in a different 
context. 
4. NUMERICAL  TESTS FOR 
THE SPAT IALLY  HOMOGENEOUS PROBLEMS 
In this section, we report he results of numerical tests for the spatially homogeneous Boltzmann 
equation, i.e., equation (1) for the distribution function f which does not depend on the spatial 
variable x 
of 
0-~ = g(f '  f)" (7) 
To solve (7), we used the first-order explicit Euler scheme 
f ( t  + At, v) = f ( t ,v )  + AtJm~,m,.(f , f)(t ,v),  (8) 
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where Jm~,m,. (f,  f )  denotes the discrete collision term evaluated with the procedure described in 
Section 3 for a fixed discrete velocity lattice and given parameters  ms and m r of the accelerated 
algorithm. A numerical solution obtained with (8) for given ms and mr  is denoted by fm~,m,.. 
The performance of the algorithm is demonstrated by observing the relative error of a numerical 
solution fm,,m,. 
err (fm,,m,., f) -- ]Irma,m,, - fll 
Ilfll ' (9) 
where f is a reference solution, and 
'[g]l = (Av)3 (~=~ (g(vi))2) 1/2 
Test  1 
As the first test we considered the spatial ly homogeneous Boltzmann equation (7) for the case 
B(q, n) = 1/47r. In this case, equation (7) has the exact analytical solution which was derived 
by Bobylev, and by Krook and Wu, see, e.g., [21] 
1 ( l~/(~tt)(t)v2) ( v2 ) 
fBgw(t ,v )  ---- 2K(t)(27rK(t))3/2 5K(t)  - 3 + exp -2K( t )  ' 
where 
The solution, often referred to as the BKW solution, is valid for t > to = 61n(2.5), since then 
5K(t )  - 3 > 0, and consequently, f(t, v) is nonnegative. In our numerical test, the value of fBKW 
at to 
fo ( - ) -  9 ~ v  exp  - v 2 , 
was taken as the initial value of the distribution function in the Cauchy problem for equation (7). 
We report the results of the calculations for the following set of data: the discrete velocity lattice 
taken in the discretization process was vi,j,k = Av[i,j, k] with Av = 0.7, i,j, k = -6 , . . . ,  7 (then 
N = 143 = 2744 and mmax = 126). 
In Figure 3, we compare the numerical solution fl0,0, i.e., for (ms ,mr)  = (10,0), with the 
exact solution f sgw at t = to, to + 1, to + 2, to + 3. The solutions are shown here as functions of 
the modulus of the velocity v = Iv[. Note a good agreement between the numerical solution fl0,0 
and the exact solution fBKW. 
0.06 
0.05 
0.04 
0.03 
O 
¢9 
O 
e- 
0.02 
0.0l 
0 
i i 
BKW solution at t=t0+0 - -  
BKW solution at t=t0+l ....... 
~. BKW solution at t=t0+2 ........ 
........ BKW solution at t=t0+3 ............ 
...... ~ numerical solution at t=l o 
............. '" numerical solution at t=2 + 
"(::::, numerical solution at t=3 
/ I  i . 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 
velocity 
Figure 3. The numerical solution fl0,0 vs. the BKW solution fBKW- 
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In order to study the accuracy of the proposed acceleration procedure in quantitative terms, 
we have calculated the relative error (9) with respect o the reference solution f = fBKW. In 
Figure 4, we show the relative errors for solutions fm,,m,, obtained with various values of the 
parameters ms and mr: 
(a) err(f10,0,/BKW), 
(b) err(/7,o,/BKW), 
(c) err(fT,10, fBKW), 
(d) err(foAs, fBKW); recall that ms = 0 means that the first summation in (6) is void, and we 
have only a Monte Carlo summation in (6) with mr = 18 randomly sampled terms, 
(e) err(f126,o, fBKW); ms = rnmax = 126 in (6) means that the numerical solution is obtained 
using the algorithm with the full summation in (6) (called the full algorithm for short). 
0.025 
~9 
"~,  
0.02 
0.015 
0.01 
0.005 
(a) - -  
(b) ....... 
(c) ...... 
/ .............. (d) .......... 
k '\ (e) ........ 
'\ 
/ 
-.,....." ................ .............. '\ / 
/ /\ / ' ............................... 
i i I I i 
0 0.5 1 1.5 2 2.5 3 
time 
Figure 4. The relative rrors of the numerical solutions vs. the exact solution fBKW: 
(a) err(fl0,O, fBKW), (b) err(fT,o, fBKW), (c) err(fT,10, fBKW), (d) err(fo,18, fBKW) 
(e) err(f126,o, fBKW). 
The values of the errors err(f10,0, fBKW) and err(f,26,0, fBKW) are very close to each other, 
hence, its plots (a) and (e) are almost identical, and therefore, they are not seen as separate 
curves in Figure 4. This means that the acceleration procedure with (ms,mr) = (10,0) and 
the full numerical algorithm both yield the solutions which are in very good agreement with 
the exact solution fsgw- This may indicate that the additional error caused by the use of the 
acceleration procedure with (ms ,mr)  = (10,0) is much smaller than the discretization error of 
the discrete velocity approximation. For (ms, mr) = (7, 0), the relative error increases, cf. the 
curves (a) and (b), since then the first summation in (6) does not cover the significant support of 
the distribution function. Note, that if we add to the latter case randomly chosen "10 spheres" 
(i.e., the second summation in (6) contains 10 terms) from which we take the collision part- 
ners (this corresponds to setting (ms, mr) = (7, 10) in our algorithm), then the error decreases, 
cf. curves (b) and (c). However, in this case the gain in accuracy is accompanied by the tripling 
of the computational time, cf. Table 1. It seems that the randomized summation part in (6), 
even if of considerable size, is not very much helpful. In fact, one obtains better accuracy with 
just enlarging rns from 7 up to 10 keeping mr -- 0 than using mr = 10 randomly sampled terms 
in addition to ms = 7, cf. curves (a) and (c). Moreover, if we considered purely randomized 
summation in (6) (ms = 0, i.e., the first summation was void) with mr = 18 randomly chosen 
"spheres" for collision partners, then the error increased ramatically, cf. curve (d). This confirms 
an intuitively obvious fact that the calculations of the distribution functions must be performed 
in the regions of the velocity lattice on which the distribution function is concentrated. 
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Table 1. The acceleration factors. 
(a) (b) (c) (d) 
(ms, mr) (10,0) (7,0) (7,10) (0,1S) 
Acceleration Factor 17 30 8 6 
The errors shown in Figure 4 contain the discretization errors as well as the errors of the acceler- 
ation procedure. In order to extract he errors caused by introducing the acceleration procedure, 
we calculated the relative errors of the solutions obtained with the acceleration procedures with 
respect o the numerical solution f126,0 calculated by the full algorithm. In Figure 5, we present 
the relative errors for the following cases: 
(a) err(flo,o, f126,0), 
(b) err(fT,0, f126,0), 
(c) err(fT, lo, f126,0), 
(d) err(fo,18, f126,0)- 
....~ 
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Figure 5. The relative rrors of the numerical solutions vs. the numerical solution 
f126,0: (a) err(fl0,o, f126,0), (b) err(f7,0, f126,0), (c) err(fT,10, f126,0), (d) err(f0,1s, 
f126,o). 
These errors show the loss of accuracy caused by introducing the acceleration procedure into the 
evaluation of the discrete collision term (3). As already suggested in the comments to Figure 4, 
the error of the acceleration procedure for (ms, mr) -- (10, 0) (curve (a)) is much smaller when 
compared to the total error (curve (a) in Figure 4). Moreover, note that for (ms,mr) = (7, 0), 
the increase of the acceleration error (curve (b)) corresponds almost exactly to the increase of 
the total error (cf. curve (b) in Figure 4). Similar observations can be made for the other choices 
of the parameters (ms, mr) = (7, 10), (0, 18); compare curves (c),(d) in Figures 4 and 5. 
In Table 1, we give the approximate acceleration factors for the proposed algorithm for the 
considered values of (ms, mr). For example, the acceleration factor 17 for (ms, mr) = (10, 0) 
means that the computational time was shortened to 1/17 of the time required to obtain the 
solution using the full algorithm, i.e., with ms = mm~×. 
Test 2 
In the second test, we solved numerically the space homogeneous Boltzmann equation (7) for 
the case of the hard sphere model with the initial data given by 
fo (v)  = -~1 (M (Pl, u l ,  T1, v) + M (P2, u2, T2, v)) 
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the distribution function lull algorithm - -  
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0.15 - 
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0.05 
0 
vx 
(b) f126,0 vs. fl0,O at t = 3. 
Figure 6. 
where M denotes the Maxwell distribution function 
M(p,u,T,v)= P ( (v-u)2~ (10) 
(2~T)3/2 exp y f  ] 
and p, u, T stand, respectively, for the density, the mean velocity, and the temperature of the gas. 
In the test, we took Pl = P2 = 10, TI = T2 = 1, while Ul = [ -1 .5 ,0 , -1 ,5]  and u2 = [1.5,0, 1,5]. 
The velocity lattice was the same as in Test 1 for the BKW solution, however, with the lattice 
step Av = 1.3, adequate for the support of the distribution function (10). 
Below we show the initial data f0 (Figure 6a) and the comparison of the numerical solutions 
(Figure 6b) at t = 3: one obtained with the full algorithm (i.e., ms = mma× = 126) and the 
second calculated with the accelerated algorithm for (ms, mr) = (10, 0) (all graphs at the section 
vy = 0). Note a very good qualitative agreement of the solutions obtained with the full and 
accelerated ( (ms,mr)  = (10,0)) algorithms. In fact, one cannot distinguish visually between 
both graphs. 
In order to obtain a quantitative measure of the discrepancy between the solutions obtained 
with accelerated algorithms and the solution f126,0 obtained with the full algorithm, we calculated 
the relative error function (9). 
In Figures 7a and 7b, we show the relative errors of numerical solutions obtained for various 
choices of the parameters ms and mr with respect o the numerical solution f126,0 
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(a) err(fla,o, f126,0), 
(b) err(rio,o, f126,0), 
(c) err(flO,lO, f126,0), 
(d) err(f7,10, f126,0), 
(e) err(fT,0, f126,0), 
(f) err(f0,1s, f126,0). 
The graphs in Figures 7a and 7b confirm our observations from Test 1 concerning the depen- 
dence of the relative error on the parameters of the acceleration procedure. Again, the relative 
error between the full and accelerated solutions is negligible if ms is large enough, cf. the cases 
corresponding to the curves (a)-(c), with better results for larger ms. If this parameter  is too 
small, then the error increases dramatically, as can be seen in Figure 7b (note that the scale of 
the relative error function is different in both figures). 
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(a) The relative errors of the numerical solutions for the relaxation problem: 
(a) err(fla,o, f126,0), (b) err(flo,o, f126,0), (c) err(flO, lO, f126,0). 
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(b) The relative errors of the numerical solutions for the relaxation problem: 
(d) err(fT,lo, f126,0), (e) err(f7,0, f126,0), (f) err(fo,18, f126,0). 
Figure 7. 
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5. NUMERICAL SOLUTION OF SHOCK 
WAVE PROPAGATION PROBLEM 
As a test for our algorithm in the spatially nonhomogeneous case, we considered 1D shock 
wave propagation problem. The structure of the propagating shock wave was obtained by solving 
numerically the appropriate initial boundary value problem for the nonhomogeneous Boltzmann 
equation. The initial distribution function described the state of the gas contained in [0, xc] with 
the mean velocity parallel to the x direction and directed towards a rigid wall at x -- 0, i.e., 
fo(x,v) = M(p ,u ,T ,v ) ,  for x e [0, xc], (11) 
with appropriately defined parameters p,u, T of the Maxwell distribution function M (cf. (10)). 
The boundary condition at x = 0 corresponded to the specular eflection of the gas particles at 
the wall 
f(t ,  O, v) = f(t,  O, vr), for vl > 0, (12) 
where vr = I-v1, v2, v3] is the velocity of a particle incoming towards the boundary which after 
specular eflection at x = 0 changes the velocity to v. The boundary condition at x~ describes 
the constant inflow of the gas through the wall at xc 
f(t ,  x~, v) = M(p, u, T, v), for Vl < 0. (13) 
The nonhomogeneous Boltzmann equation was solved by the splitting method. On each time 
step [tk, tk + At], one solves subsequently two subproblems 
(i) the free flow equation 
0--t- "~- v l  ~--- 0 
with the boundary conditions (12),(13), and with the initial data which corresponds to 
the distribution function calculated in the previous time step; 
(ii) the space homogeneous Boltzmann equation 
of 
O---t = J ( f '  f) '  
with the initial data which corresponds to the just obtained solution of the free flow 
equation. 
The free flow equation was solved using the standard first order up-wind scheme 
vlAt  
f ( tk ,X ,V) - -~( f ( tk ,x ,v ) - -  f ( tk ,x - -Ax ,  v)), forv l  >0,  
f (tk + At, x, v) = (14) 
v lAt  
f (tk, x, v) -- ~ (f  (tk, x, V) -- f (tk, X + Ax, v)) ,  for V 1 < 0. 
The spatially homogeneous Boltzmann equation was solved using the first-order Euler scheme (8) 
with the discrete velocity approximation for the collision operator. 
The numerical calculations were obtained with the following data: the velocity lattice vi,j,k --- 
Av[i, j ,  k] with Av = 1.3, i, j, k = -4 , . . . ,  5 (then, N = 103 = 1000 and mma× = 48), the mesh 
size in the physical domain ~ = [0, 12.5] was Ax = 0.25, and the time step At = 0.04274 (At was 
taken as the largest time step that satisfied the CFL condition). The initial density of the gas 
was p = 1, the velocity u = [-1,0,0], and the temperature T = 1. 
The propagation of the gas reflected from the wall is shown in Figures 8 and 9. Figures 8 
and 9 give, respectively, the profiles of the density and the temperature of the gas at two instants 
t = 4.27 and t = 8.54. The profiles shown with solid lines correspond to the calculations obtained 
using the full algorithm (for the collision operator), while the marks correspond to the accelerated 
algorithms: one with (ms, mr) = (8, 0), and the other one with (ms, mr) -- (5, 0). In the former 
case, the agreement between the density and temperature profiles is very good, while in the 
latter case, the shock profiles slightly differ from the profiles obtained with the full algorithm. In 
particular, in the latter case the shock propagates slower. 
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Figure 8. The density profiles of the reflected shock. 
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